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81. Introduction 


A natural number n is called a k + 1-power free number if it can not be divided by any 
p*+1, where p is a prime number. One can obtain all k + 1-power free numbers by the following 
method: 

From the set of natural numbers (except 0 and 1) 

-take off all multiples of 2*++(ie. 2*+1, 2*+2, ...), 

-take off all multiples of 3*+1. 

-take off all multiples of 5*+1. 


- and so on (take off all multiples of all & + 1-power primes). 


BB 


In reference [1], Professor F. Smarandache asked us to study the properties of the k + 1- 
power free numbers sequence. Yet we still know very little about it. 


Now we define two new number-theoretic functions U(n) and V(n) as following, 


U(1)=1, U(n)=[I[p, 
p\n 


VQ)=1, Vin)=V @P)---U (wr) = (p™ —1)---( - J), 


where n is any natural number with the form n = p{'--- pr. Obviously they are both multi- 
plicative functions. In this paper, we shall use the analytic method to study the distribution 
properties of this sequence, and obtain two interesting asymptotic formulae. That is, we have 
the following two theorems: 

Theorem 1. Let A denote the set of all k + 1-power free numbers, then for any real 
number x > 1, we have the asymptotic formula 
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where € denotes any fixed positive number and II denotes the product of all the prime numbers. 
P 
Theorem 2. For any real number x > 1, we have the asymptotic formula 
2 2k+1 2k 
Mh 1 p +p** —p-1 By 
S > V(n) = 5 (: pH poets 4p pet +0(23 oe 
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n<u 


§2. Proof of Theorems 


In this section, we shall complete the proof of Theorems. First we prove Theorem 1, let 


f(s) =14+ > ae 


mr 
neEA 
n<ux 


From the Euler product formula [2] and the definition of U(n), we may have 


U(p) | U(p?) |__| ;U(p) 
roy = Tr OO OE a 
= I (2+ ! + oer t+ yer) 
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where ¢(s) is the Riemann-zeta function. Obviously, we have the following two inequalities 


. U(n) 1 
U < 
olism, PS < ss 
where o > 2 is the real part of s. So by Perron formula [3] 
U 1 potir s bB(b 
- (n) = f(s +2) =as +0 (=A) 
mo 0 Qin Join 8 T 
1 
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x 
where N is the nearest integer to 2, ||x|| = |x —.N|. Taking so = 0, b = 3, T= 22, H(x) =2, 
B(o) = 45, we have 
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where 
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To estimate the main term 


C(s 
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+iT. This time, the function 


G(s = Ia* 
¢(2(s — 1))s 


x R(2). So we have 


we move the integral line from s =3+7T tos = 3 


f(s) = 
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We can easily get the estimates 
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Note the fact that ¢(2) = 
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, then from the above we can obtain 
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This completes the proof of Theorem 1. 
Now we come to prove Theorem 2. Let 


s)=1+ s vy) 
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From the Euler product formula [2] and the definition of V(n), we also have 
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Now applying Perron formula [3], and the method of proving Theorem 1, we can also obtain 
the result of Theorem 2. 
This completes the proof of Theorems. 


References 


(1]F.Smarandache, Only problems, Not solutions, Chicago, Xiquan Publ. House, 1993. 

[2] Tom M.Apostol, Introduction to analytic number theory, New York, Springer-Verlag, 
1976. 

[3] Pan Chengdong and Pan Chengbiao, Foundation of analytic number theory, Beijing, 
Science Press, 1997. 


